I. INTRODUCTION
Detection of molecular processes at the single-molecule level elucidates the nature and time scales of fluctuations not observable in a bulk measurement that averages over these processes. Single-molecule measurements of enzyme catalysis reveal these molecules to function as dynamic entities, interchanging among structures with different catalytic properties. Chen and co-workers have identified a fluorogenic chemical reaction that is catalyzed by gold nanoparticles, which permits the investigation of this catalysis with single-turnover resolution. [23] [24] [25] [26] [27] [28] [29] The nanoparticles catalyze the solution phase reductive N-deoxygenation of a nonfluorescent reactant resazurin to a fluorescent product resorufin by hydroxylamine. Observation of fluorescence intensity over time from a single nanoparticle yields a binary trajectory showing transitions between a fluorescent state in which a single product molecule is adsorbed together with reactant molecules, and a nonfluorescent state in which no product molecules are adsorbed. 23, 25, 26, 28 A fluorescent time period begins with the conversion of reactant to product, and terminates with desorption of the product. A nonfluorescent time period is initiated by desorption of the product and concludes with the conversion of reactant to product. Chen and co-workers have quantified the heterogeneity of reaction events 23, 25, 26 on these nanoparticles, have studied reactivity variations with nanoparticle size, 28 and have determined the a) Author to whom correspondence should be addressed. Electronic mail: roger.loring@cornell.edu.
effects of dynamic surface restructuring 23, 28 on the kinetics of catalysis and product desorption. Despite differences in the underlying chemistry and time scales, there is an important qualitative similarity between these nanoparticles and enzyme molecules. The protein molecule changes catalytic states through conformational transitions. 18, 19, 30, 31 Active sites on the nanoparticle can change activity through dynamic restructuring of the metal surface, either as a spontaneous process or induced by the reaction of adsorbed molecules. [32] [33] [34] [35] The two catalytic systems differ in that the nanoparticle has multiple active sites of potentially different types, that the number and types of site can vary from one particle to another, and that for one particle, the number and types of sites can vary in time. Thus, catalysis by nanoparticles raises issues that do not pertain to an enzyme with a single active site, such as the existence of static or dynamic correlations among reaction and desorption processes at different sites.
Fluorescence trajectories may be quantified by calculating distributions of dwell times in the fluorescent and nonfluorescent states. 36 For the simplifying case treated here of saturating reactant concentration, the first moment of the distribution of dwell times in the nonfluorescent state yields a time-averaged rate constant for the rate of the catalytic reaction for a particular nanoparticle. When averaged over trajectories from many different particles, the result is the reciprocal of the reaction rate constant as determined in a conventional experiment on a bulk solution with nanoparticles. Similarly the mean dwell time in the fluorescent state contains the same information as the bulk rate constant for the desorption of product molecules from the nanoparticle surface. Determining the detailed microscopic dynamics associated with individual catalytic events requires constructing quantities whose information content goes beyond these simple averages, and whose properties permit the assessment of kinetic models that describe both mean dynamics and fluctuations from the mean. 4, 5, 8, 11-15, 18, 19, 36-58 In this work we propose the use of constrained mean dwell times to analyze fluorescence trajectories from single nanoparticles. These are mean dwell times in one state subject to a constraint on the immediately preceding dwell time in the other state. For example, we definet L< (τ D ) to be the averaged dwell time in the fluorescent (L, light) state given that the preceding dwell time in the nonfluorescent (D, dark) state does not exceed a specified time τ D . If there were no correlation between these two dwell times, thent L< (τ D ) would equal the unconstrained mean dwell time in L,t L . This would be the case, for example, if the distribution of possible rate constants governing a particular product desorption event were uninfluenced by the value of the rate constant for the reaction that generated that product molecule. Even if such correlations exist, for sufficiently long τ D ,t L< (τ D ) must approacht L , which gives only bulk information. If these rate constants are correlated over some finite time scale, then at sufficiently short values of τ D , the mean is selective as it only includes fluorescent periods preceded by especially short nonfluorescent periods. If, for example, an active site at which desorption is unusually slow is also one in which reaction is especially rapid, then for the subset of events that contribute tot L< (τ D ) for small τ D the mean dwell time in L will be longer thant L . In this scenario,t L< (τ D ) as a function of τ D will decay tot L from greater values. The time scale of this decay will reflect the rates of the slowest reaction processes, since once τ D exceeds these time scales, the constrained mean loses its selectivity and approaches the unconstrained mean. Conversely if sites with rapid desorption also tend to promote rapid reaction, thent L< (τ D ) will rise from smaller values to an asymptotic value oft L . The qualitative appearance of a plot oft L< (τ D ) versus τ D reveals correlations among reaction and desorption rates for sites characterized by disorder. The conjugate quantityt L> (τ D ) is the mean time in the fluorescent state given that the preceding time in the nonfluorescent state is greater than τ D . For τ D = 0, this quantity equals the unconstrained mean t L , but it becomes more selective with increasing τ D . Depending upon the correlations among reaction and desorption rates, t L> (τ D ), either rises or decays to a nonzero asymptote as τ D → ∞. Similar definitions yield constrained mean times in the nonfluorescent state,t D< (τ L ) andt D> (τ L ), and these quantities may be qualitatively interpreted in analogous fashion.
Analyzing fluorescence trajectories from a catalyst with a single active site with constrained mean dwell times yields both qualitative and quantitative information about fluctuations from mean kinetics. We show here that these quantities are particularly well suited to probe correlations among reaction and desorption dynamics for catalysts with multiple active sites, such as nanoparticles or oligomeric enzymes. The constrained mean dwell times in L and D states are affected differently by the presence of multiple active sites. A particular dwell time in state D ends with the conversion of a reactant molecule to product, and the following dwell time in L terminates with desorption of that same product molecule. Therefore,t L< (τ D ) reflects correlations involving one reactant molecule and the product species produced by that molecule, even in the presence of multiple active sites. However, a particular dwell time in L ends with the desorption of a product molecule from one site, but the following dwell time in D ends with a chemical reaction that may be at the original site or may occur at a different site, makingt D< (τ L ) sensitive to system size in a different way fromt L< (τ D ).
We employ the term dynamic disorder to refer to a rate process, 59, 60 in which rate constants fluctuate in time among values governed by either a discrete 4, 7 or a continuous 11, [13] [14] [15] distribution. In Sec. II, we calculate constrained mean dwell times for a kinetic model with dynamic disorder analyzed by Yang and Cao 5 for single-molecule measurements of an enzyme with a single active site. 15 In this model, the unit of the active site plus adsorbate occupies discrete internal states, representing conformations for a protein or surface structures for a nanoparticle. The kinetics of conversion of the reactant and of desorption of product depend on these internal site states. The site states interconvert by a dynamic process, representing conformational transitions for the enzyme or surface reconstruction for the nanoparticle. In Sec. III, we generalize this model to an arbitrary number of active sites and consider the effects of spatial correlations among fluctuations in reactivity. In the model of correlated fluctuations, all active sites change state together, while in the model of independent fluctuations, the sites change states independently of each other. We demonstrate that the predictions of the constrained mean dwell times differ both qualitatively and quantitatively between the two models. We also describe a model of correlated domains of active sites that interpolates between these two limiting cases. In Sec. IV, we discuss constrained mean dwell times calculated from experimental fluorescence trajectories of single gold nanoparticles. 23, 28 Our conclusions are summarized in Sec. V.
II. SINGLE ACTIVE SITE
We first define a kinetic model for a catalyst with a single active site, and then generalize in Sec. III to models of a nanoparticle with N sites. The catalyst promotes the reaction of an adsorbed nonfluorescent reactant species denoted D to produce a fluorescent species L. The reactant concentration is taken to be sufficiently high that the rate of adsorption of the reactant to the unoccupied site is large compared to the rates of desorption of either reactant or product, so that the site may be assumed to be always occupied by either reactant or product. To anticipate the inhomogeneity of sites on a nanoparticle, we take the single site in the current model to have S internal states that may differ in catalytic activity and in desorption kinetics. These states interconvert through a dynamic process. Since there are S site states and the site can be occupied by either of two species, the system has 2S possible states. 
3)
with |p the 2S-dimensional vector of probabilities in Eq. (2.1) at equilibrium. Probability conservation implies
Here, 1| indicates the 2S-dimensional vector with elements
Combining these conditions connects equilibrium fluxes out of each state space,
The latter pair of equalities follows from probability conservation associated with changes in site state. A single molecule fluorescence study of this model system would yield a binary trajectory of fluorescent and nonfluorescent states. Fluorescence is observed in any of the states {L α }, and no fluorescence is produced when the state is one of {D α }. The dwell time t L is the time elapsed between the onset of the fluorescent state and the succeeding transition to the nonfluorescent state, which corresponds to the time elapsed between conversion of reactant to product and desorption of the product. Similarly t D is the time elapsed between desorption of the product and the next conversion of reactant to product. The equilibrium distribution of dwell times in D is defined by 8) and is related to a simpler generating function g D (t D ) by 
, is related to a generating function g L (t L ) by the analogs of Eqs. (2.9) and (2.10) with D ↔ L. In order to define constrained mean dwell times, these single-time distributions must be generalized to joint distributions for pairs of successive dwell times. 5 For example, f LD (t L , t D ) is defined 5 to be the joint probability distribution for an equilibrium system that a dark period of duration t D is immediately followed by a fluorescent period of duration t L , 12) and is related to a generating function
14)
The corresponding distribution for t L to be followed by
, is obtained from Eqs. (2.12)-(2.14) with interchange of labels D and L. The constrained mean dwell timē t L< (τ D ) is defined to be the average dwell time in the fluorescent state L under the condition that the immediately preceding dwell time in the dark state D is less than a specified interval τ Dt
.
The denominator represents the total probability that a dwell 
The information content of t L< (τ D ) may be understood by evaluating Eq. (2.16) for S = 2 in the limit of static disorder [59] [60] [61] 
The derivation of this result relies on the static limit of
The equilibrium probabilities p L γ and p D γ in general depend on the rate constants for site state interconversion d αγ and l αγ , even in the limit in which they approach zero. The constrained mean dwell time difference in Eq. (2.17) approaches zero from either positive or negative values. Significant information can be deduced from its initial sign and from its asymptotic decay rate for long τ D . The initial algebraic sign is evident from Eq. (2.17) to be the sign of the product
. Either the state with the larger reaction rate has the smaller product desorption rate as illustrated in Fig. 1 , or the state with the larger reaction rate also has the larger desorption rate. For the case in which a particular state has the larger reaction rate but the smaller desorption rate, t L< (τ D ) > 0. In this case, for small τ D the constrained mean time selects a subset of sites with rapid reaction and slow desorption. The mean time elapsed from reaction to desorption for this subensemble is longer than for the full ensemble, so thatt L< (τ D ) >t L and their difference is positive. For the case in which the state with the larger reaction rate also has the larger desorption rate,t L< (τ D ) reflects a subensemble with rapid desorption. The mean time elapsed from reaction to desorption is short compared to that of the full ensemble, and t L< (τ D ) approaches zero from negative values. The sign of t L< (τ D ) indicates the correlation, if any, between reaction rate and desorption rate at a site.
The asymptotic decay rate of t L< (τ D ) also carries useful information. For the case of well-separated rate constants for both reaction and desorption such that k reflects the entire ensemble, and selectivity is lost. Thus, the rate constant for the slower of the two reaction processes may be extracted from the long τ D dependence of t L< (τ D ).
The complementary constrained mean time between reaction and desorption with the condition that the preceding elapsed time to reaction exceeds a certain value τ D is defined similarly to Eq. (2.15) as
In the limit τ D → 0,t L> (τ D ) approaches the unconstrained averaget L , and in the opposite limit of τ D → ∞, it approaches a finite asymptote. The difference between constrained and unconstrained mean times is
. (2.19) This constrained time is readily interpreted for the S = 2 static disorder case of Eq. (2.17),
(2.20)
If site state 1 has the larger reaction rate
If the site state with larger reaction rate also has the larger product desorption rate, then t L> (τ D ) starts at zero at τ D = 0 and increases to a positive asymptote. In this case, for large τ D ,t L> (τ D ) reflects the subensemble with the smaller reaction rate and hence the smaller product desorption rate. This subensemble has a longer mean time to desorption than the full ensemble, so that t L> (τ D ) > 0. The asymptote is approached for time scales comparable to the inverse of the larger reaction rate k D 1 . Thus the constrained time t L< (τ D ) reaches its long τ D asymptote of zero with the smaller of the two reaction rates, and the complementary quantity t L> (τ D ) reaches its nonzero asymptote at long τ D with the larger of the two reaction rates, providing distinct information. Conversely if the state with larger reaction rate has the smaller product desorption rate, then t L> (τ D ) decays to a negative value as τ D increases, also with the larger reaction rate. Expressions for constrained time differences for the period between product desorption and subsequent reaction t D< (τ L ) and t D> (τ L ) can be obtained from the results just presented for t L< (τ D ) and t L> (τ D ) with interchange of labels L↔ D. The characteristic appearances of plots of the four constrained mean times are shown in Fig. 2 for S = 2 and for the limit of static disorder discussed in connection with Eq. (2.17). The constrained mean times are shown as differences from the unconstrained mean. The solid curves are calculated for a case in which the site state with the faster reaction rate has the slower product desorption rate:
All rate constants for interchange of site states are small enough not to contribute to the time dependences shown: l αγ = d αγ = 10 −4 . The dashed curves are calculated with the values of k D 1 and k D 2 interchanged, and all other parameters with the same values, so that for this case, the site state with the faster reaction rate also has the faster product desorption rate. The algebraic signs of these quantities are shown to indicate correlations between rate constants for reaction and product desorption.
The plots in Fig. 2 were calculated for static disorder. The effects of increasing the rate constants for site state transitions to introduce dynamic disorder are shown in Fig. 3 which displays the four constrained mean dwell times for the same rate constants for reaction and desorption as used in the solid curves in Fig. 2 . The solid curves in Fig. 3 repeat the solid curves from Fig. 2 with d αγ = l αγ = 10 −4 . These rates are increased to d αγ = l αγ = 10 −2 in the dashed curves and to d αγ = l αγ = 10 −1 in the dotted curves. Increasing these rates decreases the time scales over which the constrained mean times are selective, resulting in more rapid decays. In addition, the initial amplitudes of t D< (τ L ) and t L< (τ D ) and the asymptotic large τ L or τ D limits of t D> (τ L ) and t L> (τ D ) decrease in absolute magnitude with increasing dynamic disorder. Figure 3 illustrates that even with dynamic disorder, the qualitative appearance of the static calculations in Fig. 2 can be preserved. However, if the rate constants d αγ and l αγ are much larger than the rate constants k D α and k L α , the constrained mean time differences need not decay monotonically, and can change algebraic sign, resulting in a qualitatively different appearance from Figs. 2 and 3. As shown below in Sec. IV, monotonic decays are indeed observed for the single-nanoparticle measurements of Refs. 23 and 28. 
III. MULTIPLE ACTIVE SITES
We generalize the preceding model with a single active site to the case of N sites, and treat two limiting cases for the fluctuation dynamics. In the model of correlated fluctuations, all N sites occupy the same site state at any instant and change states together, while in the model of independent fluctuations, each of the N sites independently undergoes the single-site dynamics of Sec. II. In both models we restrict the state space to consider at most one site occupied by a product fluorescent molecule to conform to the experimental conditions of Chen and co-workers. 23, 28 In the model of correlated fluctuations, the system has S nonfluorescent states D α , in which each of the N sites has state D α for α = 1, . . . , S. Each site has state α and is occupied by an adsorbed reactant. There are NS fluorescent states L αj , in which site j has state L α and all other sites have state D α . Each site has state α and site j has a product molecule, with all other sites occupied by reactant. When only reactant molecules are adsorbed, all sites change state together from γ to α with rate constant d αγ and when one product molecule is adsorbed, this rate constant is l αγ . The probabilities for nonfluorescent states are denoted P D α (t) and for fluorescent states P L αj (t). The total probability that one product molecule is adsorbed to any site with the system in state α is then given by P Lα (t) ≡ N j =1 P L αj (t). Dynamical equations for this model may be written in the same form as Eqs. (2.1) and (2.2) for N = 1, with renormalized rate constants:
Here |P(t) is a 2S-dimensional vector with elements P Dα (t) and P Lα (t), w L and w DL are defined as for N = 1 in Eq. N -dimensional vector of probabilities obeys the dynamical equation
In Eq. (3.4), the vector of multisite probabilities is written as a direct product of the probability vectors for each site j. 
where, for example, s D (j) acts on states of site j. The matrix S D projects into the subspace of states in which all sites are D, and S 1L projects into the experimentally accessed subspace of states in one site is L and the rest are D.
The distribution of dwell times in a fluorescent state in which one site is occupied by a product molecule and the rest are occupied by reactants is given, by analogy to the N = 1 case in Eq. (2.8), by 
The first equality in Eq. (3.9) follows from the equilibrium condition for a single site in Eq. (2.4), and the second equality from the definition of the projector S 1L in Eq. (3.7). It is also the case that I|W L = I| L ,
These equalities permit the distribution of dwell times in the fluorescent state for N sites in Eq. (3.8) to be readily expressed in terms of properties of a single site,
The second equality in Eq. (3.12) follows from the definition of L and shows that G L (t L ) is independent of N for this model. Therefore, under the condition that at most one site holds a fluorescent product molecule, the distribution of dwell times in the fluorescent state for N sites is the same as the result for one site, given in Eq. (2.9) with L replacing D. In contrast to the distribution of t L , the distribution of t D for N independently fluctuating sites does depend on N,
14) t D ) ) N can be evaluated through a first-order cumulant approximation to E D with a quadratic correction, 
The generating functions for N independent sites G DL and G LD are modified from their N = 1 forms by the normalized decay factor (E D (t D )) N − 1 . The constrained mean times are defined similarly to the N = 1 case in, e.g., Eq. (2.15). The mean time in the fluorescent state given that the previous time in the nonfluorescent state is less than a specified value is related to single-site dynamical quantities bȳ
. 
This expression includes the first-order cumulant approximation in Eq. 
The decay factor (E D (τ D )) N − 1 in Eq. (3.23) enters multiplicatively in both numerator and denominator of this expression, and cancels leaving a result independent of N and therefore equals to the N = 1 result in Eq. (2.19) .
The mean time in the nonfluorescent state given that the preceding time in the fluorescent state does not exceed a value τ L is written in terms of single-site dynamics as
(3.26)
In the N → ∞ limit, this quantity must vanish at all times, because in this model there is no correlation between a product desorption event at one site, which terminates a fluorescent period, and a chemical reaction at a different site that terminates the following nonfluorescent period. Demonstrating this N dependence requires including the quadratic correction in Eq. (3.16). For two states and in the limit of static disorder, t D< (τ L ) for N sites is related to that for one site by 
(3.28)
In the static limit for two states and for N 1, t D> (τ L ) is related to the mean time for a single site by the same factor as in Eq. (3.27),
The algebraic sign and decay times are the same as for N = 1, but the amplitude is reduced by the same factor of N We can now compare qualitatively the four constrained mean times for N active sites with either correlated or independent site state fluctuations. For simplicity, we consider the limit treated in Fig. 4 with S = 2 and static disorder. We consider two attributes: the algebraic signs of the constrained mean time differences and the asymptotic decay rates, assuming a separation of time scales in both reaction and desorption dynamics, k
. Both models predict the same algebraic signs of the four constrained mean time differences, which are as shown for N = 1 in Fig. 2 . Thus these algebraic signs are insensitive to correlations among dynamic fluctuations. The asymptotic decay rate for t D< (τ L ) is k small L for both models, and that for t D< (τ L ) is k big L for both models. Qualitative analysis of the constrained mean times in the dark state does not allow a simple distinction between the two models. However, the two models differ in the decay rates for constrained mean times in the light state. In If experimental data show that one of t L< or t L> decays significantly more rapidly than the other, it will be possible to determine which of these models is the more appropriate description.
The two models of correlated and independent fluctuations are limiting cases of a more general model that interpolates between these limits. Here the N sites are composed of J domains each of identical size M, so that N = JM. Site states fluctuate in a correlated fashion within a domain, but no correlation exists between domains. Constrained mean dwell times for this model may be obtained from results already presented as follows. A result for the domain model is ob- for certain values of J and M, the two times have similar decay rates. Such dynamics are shown in Fig. 6 in which the number of sites and rate constant values are identical to those in 
IV. SINGLE TURNOVER NANOPARTICLE MEASUREMENTS
We have calculated constrained mean dwell times from single-turnover fluorescence trajectories measured by Chen and co-workers 23, 28 for the reductive N-deoxygenation of the nonfluorescent reactant resazurin to the fluorescent product resorufin, catalyzed by a spherical gold nanoparticle. Constrained mean dwell times were computed from trajectories for individual nanoparticles, and then averaged over the ensemble of trajectories for nanoparticles of the same diameter and with the same reactant concentrations. At least 50 trajectories were averaged for each diameter. The mean dwell times t L andt D show saturation behavior as a function of reactant concentration, 23, 28 and only data in the saturation regime are analyzed here. Results are presented in Figure 7 for diameters and resazurin concentrations 6.0 ± 1.7 nm and 1.2 μM (solid lines), 9.1 ± 1.5 nm and 0.4 μM (dotted lines), and 13.7 ± 2.4 nm and 0.4 μM (dashed lines). All times are given in seconds. Zhou et al. 28 observed a significant difference between the catalytic deactivation of particles with the smallest diameter and with the two larger diameters. For particles of the two larger diameters,t D is found to increase during the course of the measurement on the time scale of tens of minutes, indicating that the catalyst becomes deactivated in time. Sincet L does not show this time dependence, poisoning of the catalyst by reaction products other than resorufin has been proposed as a cause. 28 For the 6 nm diameter particles, such deactivation occurs detectably only on times longer than three hours, providing a sufficient time window to collect data without significant deactivation. The curves in Fig. 7 for the three particle diameters have the same algebraic sign and qualitative appearance. The models of Secs. II and III could be modified to include an irreversible deactivation process when a site is in the dark state. However, to simplify the interpretation, we will focus attention on the data for the particles with 6 nm diameter for which deactivation is negligible. The data in Fig. 7 for particles of diameter 6 nm are replotted as the open squares in Fig. 8 . As in Fig. 7 , all times are given in seconds. Dashed curves show fits to empirical functional forms, t j< (τ ) = C 1 e −k 1 τ + C 2 e −k 2 τ and t j> (τ )
In Sec. III, we demonstrated that constrained mean dwell times are sensitive to correlations among dynamic fluctuations at different active sites in a catalyst with multiple active sites. In particular, we showed that for N sites with completely correlated fluctuations, t L > (τ D ) decays more rapidly than t L < (τ D ), while for completely independent fluctuations, t L > (τ D ) decays more slowly than t L < (τ D ). A qualitative comparison of these two quantities indicates the importance of dynamic correlations among events at different active sites. These two quantities for 6 nm particles are shown in the two left-hand panels of Fig. 8 , which demonstrate that t L > (τ D ) decays more rapidly than t L < (τ D ). Similar trends are also clear for gold nanoparti- cles of diameter 9 and 14 nm, as shown in Fig. 7 . These data are thus more consistent with a scenario in which state fluctuations among active sites are correlated, than with a picture in which the fluctuations occur entirely independently. In Sec. III, we showed that in the model of completely correlated fluctuations, the number of active sites N enters only as a scaling factor multiplying rate constants, so that in principle the data in Fig. 8 are also consistent with the case of N = 1, with each nanoparticle having a single active site. However, this is not the case, since several product molecules are occasionally observed 23 simultaneously on single 6 nm nanoparticles, indicating the presence of a multiplicity of sites. The present analysis therefore indicates correlated dynamics at active sites on gold nanoparticles.
The solid curves in Fig. 8 show least-squares fits to the predictions of the kinetic model of Sec. III with S = 2, N sites, and completely correlated fluctuations. 
The fit was carried out subject to the conditions that the unconstrained mean dwell times be near to the experimental valuest L = 0.48 s andt D = 4.28 s. The solid curves in Fig. 8 yield unconstrained mean timest L = 0.47 s andt D = 4.31 s, close to the correct values. The fitted rate constant values describe a system near to the limit of static disorder, in which rate constants for site state changes, l αγ and d αγ are small compared to rate constants for reaction k D α and product desorption k L γ . In particular, the rate constant for leaving a particular state because of changes in site state is smaller than the rate constant for leaving that state because of reaction or desorption, for example, l 12 < k L 2 . Figure 8 demonstrates that a two-state model provides a qualitatively reasonable but not a quantitative fit to constrained mean dwell times for single nanoparticles.
The applicability of the S = 2 model to nanoparticle catalysis and the significance of the values of the fitted rate constants in Fig. 8 may be further assessed by considering another quantity that is extracted from binary fluorescence trajectories, the dwell time autocorrelation function 1, 5, 15, 23, 36, 37, 62 C j (n) with j indicating D or L,
Here t j (1) is a particular dwell time in state j in a fluorescence trajectory and t j (n + 1) is the dwell time in the same state that occurs immediately after the next n dwell times in the other state. In the absence of any disorder, this quantity vanishes, and in the presence of static disorder, it is independent of n. The decay of C j (n) to zero with increasing n indicates the presence of dynamic disorder. For the S = 2 model, these two normalized autocorrelation functions are identical. 5, 15 As the static limit is approached and for n 1, the two autocorrelation functions take the form 5, 15 
The reciprocal of the characteristic number of turnovers n 0 that quantifies the decay of the autocorrelation functions is written in Eq. (4.3) as the sum of ratios of a rate constant representing probability loss out of a particular state from changes in site state (d αγ or l αγ ) to a rate constant representing probability loss from that same state because of either reaction or desorption (k Dγ or k L γ ). Xu et al. 23 determined that for a nanoparticle with diameter 6 nm, C D (n) and C L (n) decay exponentially with n 0 taking on the values 12.5 and 2.6 for D and L, respectively. Three conclusions may be drawn from this experimental finding. First, because these autocorrelation functions decay with increasing n, the nanoparticle catalytic dynamics are characterized by dynamic disorder. Second, because n 0 > 1 in each case, the processes that lead to dynamic disorder are slow relative to reaction and desorption of product. Third, since C D (n) and C L (n) decay differently, these kinetics cannot be fully modeled with a model of discrete dynamic disorder with only two states. As shown in Eqs. (4.2) and (4.3), for this case these two autocorrelation functions would decay identically with n. For S > 2, this model can yield dwell time autocorrelation functions with differing decay rates. The S = 2 model provides a reasonable qualitative interpretation for the constrained dwell times, but a simultaneous description of the dwell time autocorrelation functions would require expanding the model to include additional site states. A complete analysis of the measured dwell time correlation functions is deferred to future work. However, the values of the rate constants used in the solid curves in Fig. 8 are in qualitative agreement with the correlation function data in the sense that rate constants for site state changes are smaller than those for reaction and product desorption, confirming that the kinetics are near the limit of static disorder.
Constrained mean dwell times calculated from the nanoparticle data support the interpretation of the autocorrelation function results in Ref. 23 that adsorption sites exist in several functionally different types. Figures 7 and 8 show that t L < (τ D ) and t D < (τ L ) decay to zero from positive values and that t L > (τ D ) and t D > (τ L ) decay from zero to negative asymptotes. As shown by the calculations in Fig. 2 , these signs indicate that the rate at which a reactant molecule undergoes the catalytic reaction is inversely correlated with the rate of desorption of the resulting product molecule; a relatively rapid reaction event produces a relatively slowly desorbing product molecule. This qualitative conclusion is supported by the values of the rate constants used to generate the solid curves in Fig. 8 . In these fits to the S = 2 model, k D 1 > k D 2 , so site state 1 has the more rapid reaction, but k L 1 < k L 2 so site state 1 has slower desorption. This finding is consistent with a scenario in which reactions with lower activation barriers produce more stable surface-bound species.
The constrained mean dwell times also confirm the interpretation of the autocorrelation functions 23, 28 in indicating the presence of dynamical processes that alter the condition of adsorbed reactants and products. These dynamics may arise in principle either from a mechanism in which the adsorption sites change identity through surface reconstruction of the nanoparticle [32] [33] [34] [35] or from a mechanism in which the sites are static, but mobile adsorbates can sample sites of different types, 63 or from some combination of these two limiting cases. The present analysis does not distinguish between dynamics of the nanoparticle and dynamics of adsorbates. Xu et al. 23 have measured the dependence of decay times of C L (n) and C D (n) on turnover rate. These autocorrelation functions decay increasingly rapidly as the reactant concentration is increased, consistent with a scenario of adsorbate-induced surface restructuring and not with dynamics arising from motion of reactant molecules. Raising reactant concentration increases the fraction of filled sites, hindering possible relaxation through translational motion. This interpretation of dynamic disorder arising from surface reconstruction is further supported by the observation that autocorrelation function decay rates decrease with increasing particle diameter. 28 Our finding that dynamical fluctuations at different active sites are correlated is also consistent with the surface reconstruction mechanism, as surface dynamics in metal nanoparticles can involve the entire particle, and are thus nonlocal. 35 The constrained mean dwell time analysis of single nanoparticle fluorescence turnover trajectories quantifies the role of disorder and of dynamical fluctuations in these kinetics.
V. CONCLUSIONS
The analysis of binary fluorescence trajectories requires the identification of quantities that emphasize different aspects of the underlying kinetics. 4, 5, 8, 11-15, 18, 19, 36-58 Correlation functions of dwell times have been demonstrated previously to provide a direct probe of the dynamical processes that alter reactivity. 6, 23 The constrained mean dwell times discussed here provide complementary information in emphasizing correlations between rates of reaction and rates of desorption and additionally identifying the presence of correlated fluctuations among distinct active sites. Consistency between binary fluorescence trajectories and a proposed kinetic scheme can be rigorously tested by requiring the model to predict correctly both dwell-time correlation functions and constrained mean dwell times.
Our constrained mean dwell time analysis of single nanoparticle kinetic data with a model of discrete states and dynamic disorder confirms that active sites exist in several states. States associated with rapid reaction are associated with slow desorption of the resulting product. These states interconvert through a dynamical process producing fluctuations that are correlated among several active sites. Laboratory observations 23, 28 are consistent with the interpretation that these dynamics result from surface reconstruction of the nanoparticle. [32] [33] [34] [35] Our results are based on a phenomenological kinetic model that does not address the microscopic nature of the disorder in active sites nor of the dynamical processes that affect them. Our findings, such as the inverse correlation of reaction rate constant with product desorption rate constant, represent constraints that must be satisfied by any more microscopic picture of catalysis by metal nanoparticles.
